We study strong decays of nonstrange baryons by making use of the algebraic approach to hadron structure. Within this framework we derive closed expressions for decay widths in an elementary-meson emission model and use these to analyze the experimental data for
I. INTRODUCTION
A large amount of experimental data was accumulated in the 1960's and 1970's on the spectroscopy of light hadrons. These data led first to the introduction of SU f (3) by Gell'Mann [1] and Ne'eman [2] (later enlarged to SU sf (6) by Gürsey and Radicati [3] ), and subsequently to SU c (3) color symmetry as a gauge symmetry of strong interactions. The construction of dedicated facilities (e.g. CEBAF, MAMI, ELSA) that promise to produce new and more accurate data on the same subject, have stimulated us to revisit baryon spectroscopy with the intent to reexamine whether or not the new data can shed some new light on the structure of hadrons. In this reanalysis we have introduced, in addition to the basic spin-flavor-color symmetry, SU sf (6) ⊗ SU c (3), a new ingredient, namely a space symmetry, G, which we have taken to be G = U(7) for baryons [4] . The introduction of the space symmetry allows us to examine, in a straightforward way, several limiting situations (e.g. harmonic oscillator and collective dynamics), and to produce transparent results that can be used to analyze the experimental data. This approach has been used [4, 5] to analyze the mass spectrum and electromagnetic couplings of nonstrange baryon resonances. It presents an alternative for the use of nonrelativistic or relativized Schrödinger equations. In addition to electromagnetic couplings, strong decays of baryons provide an important, complementary, tool to study the structure of baryons. These strong couplings are needed to analyze the new upcoming experimental data, especially (e, e ′ π) and (e, e ′ η). Furthermore, we want to understand whether or not unusual features appear in the data, which may point out to 'new' physics, new meaning here unconventional configurations of quarks and gluons, such as hybrid states, q 3 − g, or multiquark states, q 3 − qq. For example, the observed large η width of the N(1535)S 11 resonance has led to considerable discussion [6] [7] [8] [9] [10] about the nature of this resonance.
The strong decays have been analyzed previously in the nonrelativistic [11] and relativized quark models [12] . These models emphasize single-particle aspects of quark dynamics in which only a few low-lying configurations in the confining potential contribute significantly to the baryon wave function. In the framework of the earlier mentioned algebraic approach, it is possible to study also other, more collective, types of dynamics. In this article, we analyze in detail the strong decays in a collective model of baryon structure. The article is organized as follows: in Section II we briefly discuss the method of calculation, in Section III we present the results, which are compared with the existing data in Section IV. Finally, in Section V we present our conclusions and point out some open problems.
II. METHOD OF CALCULATION
We consider in this article strong decays of baryons by the emission of a pseudoscalar meson
In order to calculate these decays we need two ingredients: (i) the wave function of the initial and final states and (ii) the form of the transition operator. We write both the wave functions and the transition operators in algebraic form. We take the wave functions as representations of U(7) ⊗ SU sf (6) ⊗ SU c (3), as discussed in [4] . The algebraic formulation allows us to study a large class of models, all with the same spin-flavor-color structure, but different types of quark dynamics (e.g. single-particle and collective). Each scenario corresponds to different ways in which the U(7) spatial symmetry is broken down to the angular momentum group SO (3) . Among the models in this class is the familiar harmonic oscillator quark model characterized by the breaking
where the index ρ and λ refers to the two relative Jacobi coordinates
The nonrelativistic and relativized quark potential models [13, 14] are formulated in this harmonic oscillator basis. In a collective model the baryon resonances are interpreted in terms of rotations and vibrations of the string configuration in Fig. 1 , which is characterized by the two relative Jacobi coordinates of Eq. (3). The three constituent parts carry the global quantum numbers: flavor = triplet = u, d, s; spin = doublet = 1/2; and color = triplet (we do not consider here heavy quark flavors). Different types of collective models are specified by a distribution of the charge, magnetic moment, etc., over the entire volume. For the present analysis of strong decays we use the (normalized) distribution
where β is a radial coordinate and a is a scale parameter. We have shown in [5] that the above distribution appears to describe the available data on electromagnetic form factors and helicity amplitudes up to Q 2 ≈ 10 − 20 (GeV/c) 2 . The spatial part of the baryon wave functions in the 'collective' model is characterized by the following labels: [4] , where (v 1 , v 2 ) denotes the vibrations (stretching and bending) of the configuration of Fig. 1 ; K denotes the projection of the rotational angular momentum L on the body-fixed axis; P the parity and t the symmetry type of the state under the point group D 3 . The classification under D 3 and parity is equivalent to that of the point group D 3h , which describes the discrete symmetry of the object of Fig. 1 . Instead of the D 3 labels (t = A 1 , A 2 , E) one can use the labels of S 3 (t = S, A, M), the group of permutations of the three constituent parts (S 3 and D 3 are isomorphic). The permutation symmetry t of the spatial part of the wave function must be the same as that of the spinflavor part in order to have total wave functions that are antisymmetric (the color part is a color-singlet, i.e. antisymmetric). Therefore one can also use the dimension of the SU sf (6) representations to label the states: A 1 ↔ S ↔ 56, A 2 ↔ A ↔ 20 and E ↔ M ↔ 70. We adhere to the latter notation and label the states by
When the spin-flavor quantum numbers are explicitly added, we obtain the total baryon wave function
where S and J are the spin and total angular momentum J = L + S . For example, in this notation the nucleon and delta wave functions are given by
respectively. The second ingredient in the calculation is the form of the operator inducing the strong transition. Several forms have been suggested [15] . We use here the simple form [11] 
where r j , p j and s j are the coordinate, momentum and spin of the j-th constituent, respectively; k 0 = E M = E B − E B ′ is the meson energy, and k = P M = P − P ′ = kẑ denotes the momentum carried by the outgoing meson. Here P = P zẑ and P ′ (= P ′ zẑ ) are the momenta of the initial and final baryon. The coefficients g and h denote the strength of the two terms in the transition operator of Eq. (8) . The flavor operator X M j (to be discussed below) corresponds to the emission of an elementary meson (M) by the j-th constituent: Figure 2) . Using the symmetry of the wave functions for nonstrange baryons (the only case we discuss here), transforming to Jacobi coordinates and integrating over the baryon center of mass coordinate, we find λz ,
By using momentum conservation P z + P ′ z can be written as 2P z − k. The dependence on the overall center of mass momentum is spurious and must be eliminated. (In the rest frame of B, P z = 0 and the spurious term is automatically absent.) By making the replacement, p λ /m q → −ik 0 λ [16] , and the mapping onto the algebraic operators, 2/3 λ m → βD λ,m /X D [4, 5] , we can write Eq. (10) aŝ
The dipole operatorD λ,m is a generator of U (7) and X D is its normalization, as discussed in [4, 5] . The calculation of the matrix elements of H can be done in configuration space ( ρ, λ) or in momentum space ( p ρ , p λ ). The mapping onto the algebraic space of U (7) is a convenient way to carry out the calculations, much in the same way as the mapping of coordinates and momenta onto creation and annihilation operators in the harmonic oscillator space. In the collective model the matrix elements of H are obtained by folding with the distribution function g(β) of Eq. (4). These collective matrix elements can be expressed in terms of helicity amplitudes. For decays in which the initial baryon has angular momentum J = L + S and in which the final baryon is either the nucleon or the delta with L ′ = 0 and thus J ′ = S ′ , the helicity amplitudes are
Here α denotes the labels that, in addition to L, S, J and ν, are needed to specify the baryon wave function (see Eq. (6)). The coefficients ζ m are the spin-flavor matrix elements of X M 3 s 3,m , to be discussed below, and Z m (k) (m = 0, ±) are the radial matrix elements
The calculation of the radial matrix elements is identical to that already reported for electromagnetic couplings [4, 5] . Therefore, we do not repeat it here, but only show in Table I the matrix elements F (k) and G m (k) ofÛ andT m , respectively, for the 'collective' model with distribution given by Eq. (4). Note that Table I presents the results for an emission process, whereas the corresponding table for the 'collective' model in [4, 5] shows the results for an absorption process. For any other model of baryons with the same spin-flavor structure, the corresponding results can be obtained by replacing Table I with the appropriate table ( for example, by using harmonic oscillator wave functions as discussed in [4] ). Contrary to the case of electromagnetic couplings where the spin-flavor part is relatively simple, the calculation of the spin-flavor part for strong decays is somewhat more involved. The spin-flavor matrix elements factorize into a spin matrix element of s 3,m between spin wave functions and a flavor matrix element of X M 3 between flavor wave functions (φ and φ ′ ). The calculation of the spin part is straightforward. For the flavor part we take the flavor operators of the form
where λ i are the Gell-Mann matrices [17] and I denotes the unit operator in flavor space.
For the pseudoscalar η mesons we introduce a mixing angle θ P between the octet and singlet mesons [17] 
and similarly for the corresponding flavor operators
The flavor operators X M 3 appearing in Eq. (9) only act on the 3-rd constituent. The corresponding matrix elements can either be evaluated explicitly for each channel separately, or more conveniently, by using the Wigner-Eckart theorem and isoscalar factors of SU f (3) [18] . For the decay process B → B ′ + M we have
In this notation (p i , q i ) = (1, 1) or (3, 0) for the baryon flavor octet and decuplet, respectively, and (p, q) = (1, 1) or (0, 0) for the meson flavor octet and singlet, respectively (see Eq. (14)). The sum over γ is over different multiplicities. The flavor states are labeled by the quantum
The right hand side contains the sum of products of an isospin Clebsch-Gordan coefficient, which contains the dependence on the charge channel, a SU(3) isoscalar factor, which depends on the isospin channel, and a SU(3) reduced matrix element, which depends on the coupling of the flavor multiplets (p, q), but not on isospin I, M I and hypercharge Y . In Table II we give the expressions for the SU f (3) reduced matrix elements. Using Eqs. (14)- (17) and the matrix elements of the spin operator, we can compute all spin-flavor matrix elements for a given isospin channel. In Tables III and IV we present the results for the decay into π and η, η ′ , respectively. Results for a specific charge channel can be obtained by multiplying with the appropriate isospin Clebsch-Gordan coefficient.
The helicity amplitudes A ν (k) of Eq. (12) can be converted to partial wave amplitudes a l (k) by [19] 
Here l is the relative orbital angular momentum between the final baryon and the emitted meson. It takes the values l = L ± 1 (the value l = L is not allowed because of parity conservation). With the definition of the transition operator in Eq. (8) and the helicity amplitudes and partial wave amplitudes, the decay widths for a specific isospin channel are given by [15] Γ
where ρ f is a phase space factor.
III. RESULTS
For all resonances with the same value of (v 1 , v 2 ), L P the expression for the decay widths of Eq. (19) can be rewritten in a more transparent form in terms of only two elementary partial wave amplitudes W l (k),
For this set of resonances, the k dependence of the partial wave amplitudes a l (k) is contained in the amplitudes W l (k), while the dependence on the individual baryon resonance is contained in the coefficients c l . In the algebraic method, the elementary partial wave amplitudes W l (k) can be obtained in closed form.
In Table V we present the values of c l for the negative parity resonances with
In the 'collective' model with distribution given by Eq. (4) the corresponding S and D elementary partial wave amplitudes are
Similarly, in Table VI we present the c l coefficients for the positive parity resonances with
The corresponding P and F elementary partial wave amplitudes are
with H(ka) = arctan ka − ka/(1 + k 2 a 2 ) . Partial widths for other models of the nucleon and its resonances can be obtained by introducing the corresponding expressions for the elementary amplitudes W l (k). For example, the relevant expressions in the harmonic oscillator quark model are
and
IV. ANALYSIS OF EXPERIMENTAL DATA
Use of Eqs. (20)- (22) allows us to do a straightforward and systematic analysis of the experimental data. Here we adopt the procedure of [15] , in which calculations are performed in the rest frame of the decaying resonance, and in which the relativistic expression for the phase space factor ρ f as well as for the momentum k of the emitted meson are retained. The expressions for k and ρ f are
with
We consider here decays with emission of π and η. The experimental data, extracted from the compilation by the Particle Data Group [17] are shown in Tables VII, VIII and IX, where they are compared with the results of our calculation. The calculated values depend on the two parameters g and h in the transition operator of Eq. (8), and on the scale parameter a of Eq. (4). We keep g, h and a equal for all resonances and all decay channels (Nπ, Nη, ∆π, ∆η). In comparing with previous calculations, it should be noted that in the calculation in the nonrelativistic quark model of [11] the decay widths are parametrized by four reduced partial wave amplitudes instead of the two elementary amplitudes g and h. Furthermore, the momentum dependence of these reduced amplitudes are represented by constants. The calculation in the relativized quark model of [12] was done using a pair-creation model for the decay and involved a different assumption on the phase space factor. Both the nonrelativistic and relativized quark model calculations include the effects of mixing induced by the hyperfine interaction, which in the present calculation are not taken into account.
In the present analysis we determine the values of g, h and a from a least square fit to the Nπ partial widths (which are relatively well known) with the exclusion of the S 11 resonances. For the latter the situation is not clear due to possible mixing of N(1535)S 11 and N(1650)S 11 and the possible existence of a third S 11 resonance [9] . As a result we find g = 1.164 GeV −1 and h = −0.094 GeV −1 . The relative sign is consistent with a previous analysis of the strong decay of mesons [20] and with a derivation from the axial-vector coupling (see e.g. [15] ). The scale parameter, a = 0.232 fm, extracted in the present fit is found to be equal to the value extracted in the calculation of electromagnetic couplings [5] . Just as in our study of the electromagnetic couplings [5] we present the strong decays of the resonances, that in the 'collective' model are assigned as vibrational excitations of the configuration of Fig. 1 , in terms of two coefficients, χ 1 = (1 − R 2 )/R √ N and χ 2 = √ 1 + R 2 /R √ N, one for each fundamental vibration (here N determines the size of the model space and R 2 is a size parameter, as discussed in [4] ).
The calculation of decay widths into the Nπ channel, as shown for the 3 and 4 star resonances in Table VII , is in fair agreement with experiment. This is emphasized in Figs. 3  and 4 . The results are to a large extent a consequence of spin-flavor symmetry. The use of 'collective' form factors improves somewhat the results when compared with older (harmonic oscillator) calculations. This is shown in Table X where the decay of a ∆ Regge trajectory into Nπ is analyzed and compared with the calculations of [15] , which are based on the harmonic oscillator model discussed in [21] . We also include the results of more recent calculations in the nonrelativistic quark model [11] and in the relativized quark model [12] . There does not seem to be anything unusual in the decays into π and our analysis confirms the results of previous analyses. In Table XI Contrary to the decays into π, the decay widths into η have some unusual properties. The calculation gives systematically small values for these widths. This is due to a combination of phase space factors and the structure of the transition operator. Both depend on the momentum transfer k. The values of k in Tables VII, VIII and IX show that, due to the difference between the π and η mass, the momentum carried by the η is smaller than that carried by the π. Therefore, the η decay widths are suppressed relative to the π decays. The spin-flavor part is approximately the same for Nπ and Nη, since π and η are in the same SU f (3) multiplet. We emphasize here, that the transition operator was determined by fitting the coefficients g and h to the Nπ decays of the 3 and 4 star resonances. Hence the η decays are calculated without introducing any further parameters.
The experimental situation is unclear. The 1992 PDG compilation [22] gave systematically small widths (∼ 1 MeV) for all resonances except N(1535)S 11 . The 1994 PDG compilation [23] deleted all η widths with the exception of N(1535)S 11 . This situation persists in the latest PDG compilation [17] , where N(1650)S 11 is now assigned a small but non-zero η width. The results of our analysis suggest that the large η width for the N(1535)S 11 is not due to a conventional q 3 state. One possible explanation is the presence of another state in the same mass region, e.g. a quasi-bound meson-baryon S wave resonance just below or above threshold, for example Nη, KΣ or KΛ [8] . Another possibility is an exotic configuration of four quarks and one antiquark (q 4q ). For possible use in the analysis of new experimental data, we give in Table XI the strong decay widths of the socalled missing resonances with a calculated mass below 2 GeV which up to now have not been observed experimentally.
V. CONCLUSIONS
We have presented a calculation of the strong decay widths N * → N + π, N * → ∆ + π, N * → N +η, ∆ * → N +π, ∆ * → ∆+π and ∆ * → ∆+η in a collective model of baryons. By exploiting the symmetry of the problem, both in its spin-flavor-color part, SU sf (6) ⊗ SU c (3), and in its space part, U(7), we have been able to write the results in a transparent analytic way (Section III). The analysis of experimental data shows that, while the decays into π follow the expected pattern, the decays into η have some unusual features. Our calculations do not show any indication for a large η width, as is observed for the N(1535)S 11 resonance. The observed large η width indicates the presence of another configuration, which is outside the present model space. This suggests, that in order to elucidate this point, particular attention be paid at CEBAF to the Nη channel.
Our calculations can be easily extended to include other decay channels, such as ΛK and ΣK. These calculations are currently underway and are part of the extension of the model to include strange resonances as well. TABLE IV. Same as Table III , but with M = η and M = η ′ corresponding to ξ = (cos θ P − √ 2 sin θ P )/ √ 3 and ξ = (sin θ P + √ 2 cos θ P )/ √ 3, respectively. 
TABLES
1 = (1−R 2 )/R √ N and χ 2 = √ 1 + R 2 /R √ N [4,5]. H(x) = arctan x−x/(1+x 2 ). Initial state F(k) G z (k)/m 3 k 0 a G ± (k)/m 3 k 0 a [56, 0 + ] (0,0);0 1 (1+k 2 a 2 ) 2 4ka (1+k 2 a 2 ) 3 0 [20, 1 + ] (0,0);0 0 0 0 [70, 1 − ] (0,0);1 i √ 3 ka (1+k 2 a 2 ) 2 −i √ 3 1−3k 2 a 2 (1+k 2 a 2 ) 3 ∓i √ 6 1 (1+k 2 a 2 ) 2 [56, 2 + ] (0,0);0 1 2 √ 5 −1 (1+k 2 a 2 ) 2 − 1 2 √ 5 3+7k 2 a 2 ka(1+k 2 a 2 ) 3 ∓ 15 2 −1 ka(1+k 2 a 2 ) 2 + 3 2k 3 a 3 H(ka) − 9 2k 4 a 4 H(ka) + 3 2k 4 a 4 H(ka) [70, 2 − ] (0,0);1 0 0 0 [70, 2 + ] (0,0);2 − 1 2 √ 15 −1 (1+k 2 a 2 ) 2 1 2 √ 15 3+7k 2 a 2 ka(1+k 2 a 2 ) 3 ± 3 2 √ 10 −1 ka(1+k 2 a 2 ) 2 + 3 2k 3 a 3 H(ka) − 9 2k 4 a 4 H(ka) + 3 2k 4 a 4 H(ka) [56, 0 + ] (1,0);0 −χ 1 2k 2 a 2 (1+k 2 a 2 ) 3 χ 1 4ka(1−2k 2 a 2 ) (1+k 2 a 2 ) 4 0 [70, 1 − ] (1,0);1 i 1 2 √ 3 χ 1 ka(1−3k 2 a 2 ) (1+k 2 a 2 ) 3 −i 1 2 √ 3 χ 1 1−14k 2 a 2 +9k 4 a 4 (1+k 2 a 2 ) 4 ∓i 3 2 χ 1 1−3k 2 a 2 (1+k 2 a 2 ) 3 [70, 0 + ] (0,1);0 χ 2 2k 2 a 2 (1+k 2 a 2 ) 3 −χ 2 4ka(1−2k 2 a 2 ) (1+k 2 a 2 ) 4 0 [70, 1 − ] (0,1);1 −i 3 2 χ 2 ka(1−k 2 a 2 ) (1+k 2 a 2 ) 3 i 3 2 χ 2 1−8k 2 a 2 +3k 4 a 4 (1+k 2 a 2 ) 4 ±i √ 3 χ 2 1−k 2 a 2 (1+k 2 a 2 ) 3 [56, 1 − ] (0,1);1 −i √ 6 χ 2 k 3 a 3 (1+k 2 a 2 ) 3 i √ 6 χ 2 3k 2 a 2 (1−k 2 a 2 ) (1+k 2 a 2 ) 4 ±i 2 √ 3 χ 2 k 2 a 2 (1+k 2 a 2 ) 3 TABLE II. SU f (3) reduced matrix elements. < (p 2 , q 2 ) || T (1,1) || (p 1 , q 1 ) > γ (p 2 , q 2 ) (p 1 , q 1 ) γ = 1 γ = 2 (1, 1) λ (1, 1) λ − √ 5 √ 3 1 √ 3 (1, 1) ρ (1, 1) ρ √ 5 √ 3 √ 3 (3, 0) (3, 0) 2 √ 2 √ 3 (3, 0) (1, 1) λ 2 √ 2 √ 3 (3, 0) (1, 1) ρ 0 (1, 1) λ (3, 0) − √ 10 √ 3 (1, 1) ρ (3, 0) 0A 1/2 (N π) A 1/2 (∆π) A 3/2 (∆π) Initial State ζ 0 ζ + ζ − ζ 0 ζ + ζ − ζ 0 ζ + ζ − 2 8 J [56, L P ] 5 6 √ 3 5 3 √ 3 0 −2 √ 2 3 √ 3 2 √ 2 3 √ 3 0 0 2 √ 2 3 0 2 8 J [70, L P ] √ 2 3 √ 3 2 √ 2 3 √ 3 0 2 3 √ 3 −2 3 √ 3 0 0 −2 3 0 4 8 J [70, L P ] 1 3 √ 6 1 3 √ 6 −1 3 √ 2 1 3 √ 3 4 3 √ 3 2 3 1 √ 3 2 3 0 2 8 J [20, L P ] 0 0 0 0 0 0 0 0 0 4 10 J [56, L P ] 2 3 √ 3 2 3 √ 3 −2 3 √ 5 6 √ 3 2 √ 5 3 √ 3 √ 5 3 √ 5 2 √ 3 √ 5 3 0 2 10 J [70, L P ] 1 6 √ 3 1 3 √ 3 0 − √ 5 3 √ 3 √ 5 3 √ 3 0 0 √ 5 3 0A 1/2 (N η)/ξ A 1/2 (∆η)/ξ A 3/2 (∆η)/ξ Initial State ζ 0 ζ + ζ − ζ 0 ζ + ζ − ζ 0 ζ + ζ − 2 8 J [56, L P ] 1 6 1 3 0 0 0 0 0 0 0 2 8 J [70, L P ] 1 3 √ 2 √ 2 3 0 0 0 0 0 0 0 4 8 J [70, L P ] −1 3 √ 2 −1 3 √ 2 1 √ 6 0 0 0 0 0 0 2 8 J [
